
X &
"

algebraic set

O(X) = Ef : X+ & st . f regular)

Defi 4:X-Y is called amm if

-feO(Y) , foY O(x)

6 f
foY(x) = f(((x)) .

X- y- @
-
fol

Not : fig OM) (f + g) oy = fox +gol

(fg) o y = (fo4)(904)
& const = for is the same const.



my a morphism => DX :0) -> OCX) is a map of
fit for G-algebras

o called co-marhism of Y.

Facti if d: O(Y) ->DX is a map of D-algebras-

then F ! P : XeY maphim sit . x = 0*.

: X ->Y peX Fact : Mp
= [feO()(f(p)= 03

Mp = O(X) mass ideal in OCX)

2(mp) = O(Y) is a max, ideal of O(X).
= z! Q = z((mp)) + Q = 593

,

Y(p) = q .



Affine var, for a caleging .

*

Afte> C-alg.

-hixtyis an comaphim if. im

and.I is a marphim.
-

Iivalently : 4
*
is an isomorphism,

· Al" := " When vewed as an affine varity,
· fix - Al = c =) feO()

.

Mar(X , All) > Ham(O(A)) , O() ((x] -> O(x)

II



O(X) (4 :C[]+ OC)

I
O(x)

f : X->All maphism
* *

(x= x of = f .

· y :X-A") O(x)"
=(a)a -m2· ( = ((x - y) = Al

4 : Al -> C Riy= o

- (t2)
(t , 3)



OEact : jective .

& (,y) C (x,y)+ (0,0)
then X + 0

(,y) = P(E)
,

O is not an comaphism.

y*
(0(c)) = DIt] = O(All)

gen , by 4
*(*) ,

0
*

(X) tk4x(0(k)
11

= Is
~

)

* Y *
not annion ,

Mar(Y, x)
# Hom(((x) , O(X)

I(X)



R D-alg. om (O(X)
, R)

k[x = (

]/TR1

I
([x ... ,3

Ham(O() ,
R) = 54 :DE ...,+JDR/P(I(X) =0]
4(f(x) . . , xa)) = (* ) , Y(x2) , . .

., Y(xul)

Ham (CE -,] ,
R) ph

(r
, 1 . .

.

, n) corresponds to O(X) ->R

E) f(r) . . .

,m) = 0 ffcI(X)
.



Hm(O(x) ,R) ch) &xeR")f(x = 0 ffcI()]
!!

X(R) "R-valued ple of X"

X(() = X ,

x+y-z

· Xe affenivar ,

peX : Tp(X) = tangent space .

: = Ewe(h1dfp(n) = 0 FfeI(}
Il

:
· T(Am = " .



· S = ((x,y ,2)(x+y2+z= 3 f = x+y + 23- 1
-

generales [CS2)
T(5 : of= 2xdx+ydy +22

dfp(o)=0 E) por = 0.

#
·X= 2(y) <Ap f =xydf = ydx + xdy.



PEX-axis ly-axis -) X-axis

y
= 0 x 70

T(x) = S Ey-axis Ix-axis -> y-axis
X = 0

, y=0 2

-
p= (a,0) ->C

· c = z(P -y4 f = B- y 2 df = 3rdx -Zydy.

· Xavar .
dimX = max length of a chain

P

Ep[X , IX...Xm of closed wired
-

subsets,

length := m.



dim DV = n -pc4"
P

Airreducible: dimp(X) independent of p.

=: chim(X)
.

X notwired, X= UX ; dimp(X)= max dimX :
perie

dimX) :=max dimt;

Fact : o dimTp(X) = dimp (x)-

· equality on an open denseoubset of X.

D: X called smooth at p or nonsingular at p if
di Tp(X) = dimp(X),



~

Themis X is called singular at p
.

-AsgroupssAn (office) alg . group G is an office vanity G
together with a maphimmiGxG -> G

Sit , m is the mult , of a group structure on G

and : G-G is a morphism.

gr g)

·Examples :

Gl() = &AcMy()fo].
Mn(() = er Zaviski-pen subset of Mn(C).



We identify GLn(D) with

=5) Mn(e))det (g) . X = B
GL(e) is

· (a)
O(GL()) = D[xij , y 1kisin(det-y-1)

= Divi,] f : Gh(d) -> C regular

=) f =
1)
det(I

m



m : GLnxGln Gln
mu

& [xij ,
det'

, bij ,
def+ ]

mult of two mahices is polynomial in the entres
U

m
*

(Xij) is regular, m(xij) =

Tirj=

regular
M maphism
--

↑ i regular : Y (g) = j
-



=
g

. Adj(g) = [det det(g)
--

det(y)]
enties of

'
are regular in the entries of g.

=>T is a morphism.

"Special luia group
"

· - SLn() = EgeGln(e)) derg = 13
· On (D) = &geGly(e)) gig = )
ethogonal group

-> SOn(() = Eg=(e)(det g = 1)



· symplectic group : Sp() EgG(lg]g=

3)= )
=EgeGl(e)) g diagonal ?

· Br = &geGL(e) ) g upper triangulary
· Un= EgeGn()) g upper mangular,alldis

-

· a few exceptional groups : G2 , Fu , Eg ,
Ey, Eg,



~Eactsi als , groups are always mosth everywhere,

X : G -> G inverse Ig = x
+

(
g

Xg(x) = gx ,

g

x(p)

isomaphum- 4 : x- Y peX : 04 : Tp()-T () ,

Grom .
=> OpY is an comuphim

Pety : To(G) Tg(G) = dim Tg(G) = dimGVg.

· Te(G) : Int(g)(x) = gx)



Ad(g) : = De Int (g) : Te(G) + Te(G)

[x
,Y] := (Y)

G = Gln : To(G(n) =M

d)) /do -x = 13

T() = G(z) (Nava + = = b)
trace (1) =

a+ 122t .. - + %un-

[x ,Y] = XY- YX



GGL( To(G) = Mn(Q) is stable under [
,
J.

The Lie algebra of G.

Li(G) := TelG) with [ ,
]

.

inducible
G commutative (i .e . gh-hy FgiheG) () [ , ] = 0.

clarify simple complex Lie algebras

· An G Es ,
E

, Eg
· Bu
· In
· Dn



X offere vanity G aly group
Il

"Gacts on X () M: GxX ->X maphism
--

gX : = p(g ,x)

· ex = X Exet

· g(hx) = (gh) + XxX , g ,
heG

C · ple, ) = idy

· M(g , M(h,)) = Migh,)
· G-orbit : subset of X of the form gy/geG]
-

·Stabilize of x
: G = Eg=G) gx = x3 ,

closed subgroup.



Example; S Gly acts on All
-

g. x =

gx

· Glu acts also on Mn(C)

② M(g ,A) = gAg' A similar toB
Es Eg : gAy =B.

G acts on X then G acts on O(X)
.

gf(x = f(gx)

Put A := 0(X) a subalg · of 10(X).

Etfinely gerated : DExx.in)/I



then A is the ring of functions of an offere war,

(2(I) =(Y) Y

T : X-Yc"*: A OX)
,

Note : I constant on any G-erbit .

- -

It as a map to
ch is givin byn elements of A=G(X)

Y is called the quotient of X by G dended
Note X/G = set of G-orbits

&

GLDAD abit E S
all nonzero complex numbers

· O



p X/IG parameteries the clood abits for reasonable
groups.

↓ X//G ii'(x) G-stable closed outset of X.
contains a unique closed orbit,

GLn Mn(k) Are there invorients

fil. I for sit.

fi(t) = f : (B) Xi then Air sintoB.

· f : M(D) -> C invariant under GLn
C) f is a polynomial on the coeff. of the characteristic equation



A P(x) = det(xI - A) = x"tace(t)x"
.. def(t).

A -

= x - g
,
"I ... t In

die (Mu)fn

Every invariant is a polynomial ind..... /In

Mueh
At (G(A), (A) , . - . In(A))

↑ 47
elementary symmetric poly , in the eigenvalues

of A.

if Ahas district eigenvales : TCH(A)) = GLA



if not them there is a unique closed orbit

and clib of makices such es

(


