
~elic Geometry

Algebrai .

· Linear Algele
-

·

groups
· rings/fields.
· equations.

Commutative Algelva 7) Algebraic Geometry-
-

Linear Algebra : solutions of systems of linear equations.-

Algebraic Gesey :
" Il 1 IS U

-



field E
R , Q ,

K |+x2

2,z, . . . .

#"= o

k[X , ..., t] polynomial ring in n-variables

T

f = I
..
in ... finite sum

-

iiin
-

k =: = 50 ,
13 x =xyxE

-

Kinfinite . May think of KEX1/n] as K-valued functions
on K".



f (a, ..., an)= in in a - -an
K= K : Objects of interest : solutions of equations
-

f(x) = 0 (f + Sex ,, . . .

, ])
1 + x2 = 0 has no solutions w

Defi A subset AX" I called algebraic if-
-

A = z(s) = Ex - (h)f(x)=0xfeS]
foreome S = CEx, ...3.

Exi · " = z(0).
-

· b = z(l)



· S' = E( ,y)e(F+y = 0)
· Sh = \x")x+ +...+ 1 = g)

·S , ... ] 2(s) = 2

Def : I : DTx" (n] is called and if

· Of I.

.. ) I closed under addition : figel = Atgel.
· ) fel , getyin] - gfel

Ex: off ([x , .., xn] : (f) := Egf /ge DEx ,
..

, xn3].



"principal ideals"

· fil ifmeExn] : (fi- fm) := EZ rif: / RECE-

Xe I(x) : = [fet,n)) f(x1-->n) =0X

G -- ,+n)=X]
Fact I(X) is an ideal : · OtI(X)
-

· fige [(x) = f +g = 0 aX

· fel() ,get-y Y] : gfcI(X).

Se CEn] < 9) := ideal generated by s
=E IsieS , re E- b)

↑

finite



2(s) = z((S))

Ex: alg . set in K . finitely many (degf)
O

f([x] : [(f) = E
&

I (f = caust +0)

· f = 0
.

A = Ga, . . ., ameD] A = z(f)

f= (x- a,)(x
-an) - -- (x- am) .

Fact : Every ideal in [x] is principal
-

I Ex] ideal => I = (f) for some fo



Let I be an ideal and pic feI with smallest pos-degree,

possible iff (0)

IfIF (E) then I= (f).

gel : g
=

p
. f +r . degr < deff ORv = 0.

=> reI
.

If 0 then dog r < deff => degr = 0 = rearst
,
to

=>I = ([x] . Ho

= I= (f) .

Note: in CExy] there are ideals that are not principal
-



(x , y)

& How many equation do I need to define a given
alg . ret?

Albert'sBarisats Every ideal of KEx , .. -- n] is

filelysenated : I= (f) --- , fm)

Correquence : x = z(s) = 2(s)) = +x . -) fm) .

-

un

I = (fx --
,fm)

Finitely many equations enough to define X.

Hilbert's Nullstellensate : It K[X1 --,n] ideal
-



z(I))= E

Here : E = [fe([x-- 3) fiel foreoem3.
-

Lori <(1) = E) I = k[ 1
. . .,n]

.

Prof: 2 (l) = 0 > I(I(II) = k[x1 -

,Xn]
() E =([x) ... ,n]
E) IMEI foreme m

C) II
.

E) I= Pix , 17 Xn],



I = (firifu) I (l) = EX Fr
, ,

.. , im
Sit.

if ,+& fz+... + infm = 1.

k=Ri
- 2 (1 +E) = 0 but (1+E) FREx],

G group acting on a set X

G also acts on functions anX : geG,D
(gf)()= f(x) -

Ex: Su = symmetric group in n letters acts on

XT'(1)i) = ( ( Su= Sit : 3112, . . . ,n30 ?



The Sn acts on [x -

...u3.
-

gi

Invariabi describe /Xn]
-

Exi e
,
(x

, ..., +n) = X ,+... +X

&(x1 . -, (n) = X
,x + x

,+
+... = [xXj
kijan

!

en(x1 - - > (n) = x
- - - xn-

Every feC[X .....
x]Sn is of the form ple, .... en)

where i a polynomial.



Theorem : ("Hellerf") Guice ,
ac on i

-

them D[X....,An3 inilitygenerated
17

-  in
ag ut .

Fe 188-7 yea

f : X-> D is calledocular if f = Fly for some
FE([Xs - -"Xn] .

F(x = G)yE F - G([(x) -



O(X) : = set of all regular functions
D-algebra .

S

surjecture--L
[[x

, , .. .,n] -> O(x)
&

F - FIX
Purnel of 5 = I(X)

1 Isomorphism Thmn : O(x) = DEx--- ,Xnb/I(x)
--

Def : The pair (X ,
OH) is called anfriarity,

· v= d ) o(x) = (0) .

· Nullstellensutz : E = Dix , ...,
<n] is called maximal

-
-



if If (Ex ...., in] but Im not contained in any
other ideal,

Themax , ideals of DEX11-u] are precisely the cideals

Mp peen

mp = (x
,
- P 1 =

-

P2) ..., n P) = [ (5p3),

consequence : Pts of X # max ideals of OX).-

Ione a topology on "

· The alg . rep in i form the closed rb of a topology



namely the Zariki-Topology.

· b ,
" are algebraic reb.

· if <Xi = 2)Si)] is a family of also nets
itI

nx = z(uSi)
itI

· If A= 2(s) B = (T) are algebraic

ArB = z(ST) ST= EfgIfeS , geT3
"I"clear
"

?
" ve[(ST) , A 7 fes : f(x + O .

Vgel (g((x = f(g(x) =0 => g() =0fyeT
⑪ = XeB

.

D



tee" lo if X is an alg, set.

Then every alg-st has an induced top : YeX closed

if Y= XIA for some closed A.

U en if "U closed.

-

Polynomial functions fix-> D are continuous
-

Wet: 1,
y are sets with a topology fixeY continuous

if FACY closed f"(A) is closed in X,

X="cloud : X reducible if wheneve X=AuB
-

H

# A ,B closed then X=A ORX=B.



[1 , 23 = [1 , 23 0[1 , 2]

- = z(x) vz(y)
↑ TI
is inclucible
-

Fact : Xe" alg-et-

X = X
,
u ... uXm X: ircaucibl and XiXjkij.

I are called ireducible components,

·I" is reducible.

⑳ Fact: X ireducible (=) O(X) is an integral domain.
-



( . X+ 30 and fig = 0 in O(x) thurf= o Org=O)

*= z(xy) in OK) :

xy
= 0 not ineduable

2(x)i reducible : G2H)= CTy

O(X) integral damain() [(X) prime ideal-

([(x+ k[x) -- -

, n])
and fg Ik)= fel()

ORgeI(X)
(in z every ideal principal :

(n) is a prime ideal E)



n + 1) and if abe (a) thema (n) obe(n)

EX n) ab them ula or ulb.

E n= 0 OR his
. (-

· Xireducible #) every open nonempty outset ideuse .

UE" open,
= U deme in Zaniki top

=) I dense in theweal top,

Mn() = (n


